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Abstract
In this paper, we construct an example of a cylindrical measure µ and a norm ‖ · ‖ such that ‖ · ‖
is µ-measurable by Dudley et al. and not µ-measurable by Gross and moreover is γ -measurable.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
In 1962 Gross introduced the concept of measurable norms [4], and in 1971 Dudley
et al. introduced another measurability of norms [3]. Badrikian and Chevet offered the
following question [1]:
“Do these concepts of measurability coincide with each other for every cylindrical mea-
sure?”
The first author solved this problem negatively [5].
Recently we find that the norm in the 1984-Example is not γ -measurable, where γ is the
canonical Gauss cylindrical measure. Then a new problem is offered: “Is there a couple of
a norm ‖ ·‖ and a cylindrical measure µ such that ‖ ·‖ is µ-measurable by Dudley et al. and
not µ-measurable by Gross and moreover is γ -measurable (of course two measurabilities
are equivalent for γ )?”
In this paper we solve this problem affirmatively.
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Let X be a locally convex Hausdorff space over the real field R, X′ its topological
dual, (· , ·) the natural pairing between X and X′ and B(X) the Borel σ -algebra of X. Let
{ξ1, . . . , ξn} be a finite system of elements of X′. Then by Ξ we denote the operator from
X into Rn mapping x onto the vector ((x, ξ1), . . . , (x, ξn)). A set Z ⊂X is said to be a
cylindrical set if there are ξ1, . . . , ξn ∈X′ and B ∈B(Rn) such that Z =Ξ−1(B). Let CX
denote the collection of all cylindrical sets of X.
A map µ from CX into [0,1] is called a cylindrical measure if it satisfies the following
conditions:
(1) µ(X)= 1;
(2) Restrict µ to the σ -algebra of cylindrical sets which are generated by a fixed finite
system of functionals. Then each such restriction is countably additive.
By putting µξ1,...,ξn(B) = µ(Ξ−1(B)) each cylindrical measure µ defines a family of
Borel probability measures.
Next we interpret two kinds of measurable norms defined on a Hilbert space.
Let H be a real separable Hilbert space with norm | · | = √〈· , ·〉. F will denote the
partially ordered set of finite dimensional orthogonal projections of H and FD(H) the
family of all finite dimensional subspaces of H . P >Q means PH ⊃QH for P,Q ∈ F .
Also a subset E of H of the following form is a cylindrical set, E = {x ∈ H ; Px ∈ F },
where P ∈ F and F is a Borel subset of PH.
Definition 1. The canonical Gauss cylindrical measure is the cylindrical measure γ from
CH into [0,1] defined as follows: If E = {x ∈H ; Px ∈ F }, then
γ (E)=
(
1√
2π
)n ∫
F
e−|x|2/2 dx,
where n= dim PH and dx is the Lebesgue measure on PH.
Definition 2. A semi-norm ‖ · ‖ in H is called (G)measurable if for every ε > 0, there
exists P0 ∈F such that γ ({x ∈H ; ‖Px‖> ε}) < ε for ∀P⊥P0 and P ∈ F .
This concept was introduced by Gross in 1962 [4]. It was the starting point of the suc-
cessive research concerning the abstract Wiener space. In Definition 2, we can replace
γ to µ which is any cylindrical measure defined on H . Such a case we say that ‖ · ‖ is
µ-(G)measurable.
Also we can redefine the above concept as follows.
Definition 3. We say that ‖ · ‖ is µ-(G)measurable if for every ε > 0, there exists G ∈
FD(H) such that µ(Nε ∩F +F⊥) 1− ε whenever F ∈ FD(H) and F⊥G, where Nε =
{x ∈H ; ‖x‖< ε} and F⊥ is the orthogonal complement of F .
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exists G ∈ FD(H) such that µ(PF (Nε)+ F⊥) 1 − ε whenever F ∈ FD(H) and F⊥G,
where PF is the orthogonal projection of H onto F .
This was introduced by Dudley et al. in 1971 [3].
Let E be the completion of H with respect to the norm ‖ · ‖. i will denote the inclusion
map of H into E. If ‖ · ‖ is γ -(G)measurable, then the triple (i,H,E) is called an abstract
Wiener space. The norm ‖ · ‖ is a continuous µ-(D)measurable if and only if i(µ), where
i(µ) is the image of µ under the map i , is countable additive.
It was easy to see that (G)measurability implies (D)measurability. But the converse
is false in general ([5], this is the 1984-Example). If µ is a generalized quasi-rotationally
invariant cylindrical measure, then the converse is true [6]. Of course, γ and rotation-
ally invariant cylindrical measures and quasi-rotationally invariant cylindrical measures
are generalized quasi-rotationally invariant cylindrical measures.
3. The norm in the 1984-Example is not γ -measurable
First we explain the 1984-Example. Let (2)∗ be the algebraic dual of 2, equipped
with its weak topology σ((2)∗, 2). We choose an algebraic basis J of 2 containing
{en}n=1,2,..., where en is the nth unit vector (0, . . . ,0,1,0, . . .). We define by (· , ·) the
natural pairing of (2)∗ and 2. Let a be the element of (2)∗ such that (a, en) = 1 for
n = 1,2,3, . . . and (a, eα) = 0 if eα ∈ J \ {en}n=1,2,.... We have the Dirac measure δa on
(2)
∗
concentrated at a, and then we can induce the cylindrical measure on 2 by δa, denote
it by µa, i.e., for ξ1, . . . , ξn ∈ 2,
µa
({
x ∈ 2; (〈x, ξ1〉, . . . , 〈x, ξn〉) ∈B})
= δa
({
x ∈ (2)∗; ((x, ξ1), . . . , (x, ξn)) ∈B}),
where 〈· , ·〉 is the inner product on 2 and B ∈B(Rn).
Next we construct a continuous norm on 2. Let {λn} be the sequence of nonnegative
real numbers such that λ2m = 0 for m = 1,2, . . . , λ2m−1 > 0 for m = 1,2, . . . , and the
sequence {λ2m−1}m=1,2,... is increasing monotone and tends to ∞ as m→∞. Let Γ be
the convex hull of the set {±λn(e1 + · · · + en): n = 1,2, . . .}, B the open unit ball of 2
and U = Γ +B . It is obvious that U is open, convex, absorbing and circled. We denote by
‖x‖a the gauge of U at x ∈ 2. ‖ · ‖a is the continuous norm defined on 2. Then we have
the following result.
Theorem 1 [5]. The norm ‖ · ‖a is µa-(D)measurable but not µa-(G)measurable.
Here we investigate this norm ‖ ·‖a with respect to γ . First we introduce the well known
result as Lemma 1.
Let H be a real separable Hilbert space, γ be the canonical Gauss cylindrical measure
on H and ‖ · ‖ be a continuous norm defined on H .
Lemma 1 [2]. The following three conditions are equivalent:
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(2) ‖ · ‖ is γ -(D)measurable;
(3) limn,m→∞ γ ({x ∈H ; ‖Pnx−Pmx‖> ε})= 0 for every ε > 0 and for every sequence
{Pn} ⊂F , where Pn converges strongly to the identity map I .
Theorem 2. The norm ‖ · ‖a is not γ -measurable.
Proof. Let {fn}n=1,2,... be the orthonormal system on 2 defined as follows:
[f1 = e1; ],[
f2 = 1√
2
(e2 + e3), f3 = 1√
2
(e2 − e3);
]
,[
f4 = 1√
2
(e4 + e5), f5 = 1√
2
(e4 − e5), f6 = 1√
2
(e6 − e7);
]
,[
f7 = 1√
2
(e6 + e7), f8 = 1√
2
(e8 − e9), f9 = 1√
2
(e10 − e11),
f10 = 1√
2
(e12 − e13);
]
,
...[
f(1/2)n(n+1)+1 = 1√
2
(e2n + e2n+1),
f(1/2)n(n+1)+2 = 1√
2
(en(n−1)+2 − en(n−1)+3), . . . ,
f(1/2)n(n+1)+n+1 = 1√
2
(en(n+1) − en(n+1)+1);
]
,
...
Recall that en = (0, . . . ,0,1,0, . . .) for n = 1,2, . . . and {en}n=1,2,... is the complete
orthonormal system (CONS) on 2. It is easily seen that {fn}n=1,2,... is another CONS
on 2. Let Pm be the orthogonal projection from 2 onto the finite dimensional subspace
Fm which is the linear span of {f1, . . . , fm}. Clearly that Pm converges to I strongly for
m→∞.
Let N be the set of all natural numbers. For any N,k ∈ N, there exists j ∈ N such that
j > N and fj+1, fj+2, . . . and fj+k have the style “(1/
√
2)(ei − ei+1).” We denote by F
the linear span of {fj+1, . . . , fj+k}. Then F ∩ Γ = {0}, where 0 is the zero-element in 2.
It follows that ‖Pj+kx − Pjx‖a = |Pj+kx − Pjx|, where | · | is the original norm of 2.
For any ε > 0,
{
x ∈ 2; |Pj+kx − Pjx|> ε
}=
{
x ∈ 2;
√√√√ k∑
i=1
∣∣〈fj+i , x〉∣∣2 > ε
}
= {x ∈ 2; √〈fj+1, x〉2 + · · · + 〈fj+k, x〉2 > ε}
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⊃ 2 \ {x ∈ 2; ∣∣〈fj+i , x〉∣∣ ε, i = 1,2, . . . , k}.
Given 0 < η < 1, there exists k0 ∈N such that( η∫
−η
1√
2π
e−x2/2 dx
)k
< η
for ∀k  k0. Then γ ({x ∈ 2; |Pj+kx − Pjx|> η}) 1− η for ∀k  k0.
This means that there exists 0 < ε0 < 1 such that for arbitrary N ∈N, there exist n and
m such that n > m > N and satisfying that γ ({x ∈ 2; ‖Pnx − Pmx‖a > ε0})  1 − ε0.
Therefore the norm ‖ · ‖a is not γ -measurable. ✷
4. The new example
In this section, we construct a continuous norm ‖ · ‖b and a cylindrical measure µb on
2 such that ‖ · ‖b is γ -measurable and µb-(D)measurable but is not µb-(G)measurable.
(i) Construction of µb.
Let (2)∗ be the algebraic dual of 2, equipped with its weak topology σ((2)∗, 2), and
(· , ·) be the natural pairing (2)∗ × 2 → R. Then a cylindrical set in (2)∗ and in 2 can
be described as
Z = {x ∈ (2)∗; ((x, ξ1), . . . , (x, ξn)) ∈D}
and
Z˜ = {x ∈ 2; (〈x, ξ1〉, . . . , 〈x, ξn〉) ∈D},
where ξ1, . . . , ξn ∈ 2 and D ∈ B(Rn), respectively. Let en = (0, . . . ,0,1,0, . . .), where
1 appears in the nth place. Then the set {en}n=1,2,... is a CONS of 2, and we choose an
algebraic basis J of 2 containing {en}n=1,2,....
Define b ∈ (2)∗ by
(b, en)= n for n= 1,2, . . .
and
(b, eα)= 0 for eα ∈ J \ {en}n=1,2,....
Let δb denote the Dirac measure at the fixed point b in (2)
∗
. Then the induced measure
µb on 2 is defined by µb(Z˜)= δb(Z).
(ii) Construction of ‖ · ‖b.
Let {λn}n=1,2,... be the sequence of nonnegative real numbers such that λ2m = 0 for
m= 1,2, . . . , λ2m−1 > 0 for m= 1,2, . . . , and {λ2m−1}m=1,2,... is an increasing sequence
and λ2m−1 →∞ as m→∞.
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by B the open set {x = (xn) ∈ 2;
√∑
n (xn/n)
2 < 1}. Let U = Γ + B . It is easy to see
that U is open, convex, absorbing and circled.
Let ‖x‖b denote the gauge of U at x ∈ 2, i.e.,
‖x‖b = inf{α > 0; x ∈ αU}.
Clearly, ‖x‖b is a continuous norm on 2.
(iii) ‖ · ‖b is µb-(D)measurable.
Proof. Let E be the completion of 2 with respect to the norm ‖ ·‖b, and j be the inclusion
map of 2 into E and denote by j ′ the dual operator of j . Let (· , ·)E be the natural pairing
E′ ×E→R,
E′ j
′
→ (2)′  2 j→E.
To prove that the norm ‖ · ‖b is µb-(D)measurable, it suffices to show that j (µb), the
image of µb under the map j , is σ -additive on (E,CE).
Claim. b vanishes on j ′(E′).
Proof. Suppose y ∈E′ is given. We have to show that (b, j ′(y))= 0. Since (b, eα)= 0 for
all eα ∈ J \ {en}n=1,2,..., we may assume j ′(y) is of the form j ′(y)=∑Nn=1 Anen, where
A1,A2, . . . ,AN ∈ R.
Now define the sequence {xm}m=1,2,... in 2 by
x1 = e1,
x2 = e1 + 2e2 + 3e3,
...
xm = e1 + · · · + (2m− 1)e2m−1,
...
Then 〈ek, xm〉 = k for m (k + 1)/2, so 〈j ′(y), xm〉 =∑Nn=1 nAn for all mN . More-
over, since 〈j ′(y), xm〉 = (y, j (xm))E , we obtain (y, j (xm))E =
∑N
n=1 nAn for all mN .
Therefore,
lim
m→∞
(
y, j (xm)
)
E
=
N∑
n=1
nAn. (1)
But by constructions of {λ2m−1} and U given in (ii), we know that λ2m−1xm ∈ U , so
that ‖xm‖b  1/λ2m−1. The assumption λ2m−1 →∞ as m→∞ implies ‖xm‖b → 0 as
m→∞. Therefore,
lim j (xm)= 0 in E. (2)
m→∞
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∑N
n=1 nAn= 0, and hence (b, j ′(y))=
∑N
n=1 nAn = 0.
This completes our claim. ✷
Let i be the canonical map of (2)∗ into (E′)∗. Then our claim implies i(b)= 0, so that
i(δb) is the Dirac measure δ0 on (E′)∗. Therefore, j (µb) is extendable to δ0 on E, so it is
σ -additive on (E,CE). ✷
(iv) ‖ · ‖b is not µb-(G)measurable.
Proof. It suffices to show that
there exists a positive number ε0 such that for every G ∈ FD(2)
there exists F ∈ FD(2) satisfying F⊥G and µb(ε0U ∩F +F⊥)= 0. (3)
We may assume 0 < ε0 < 1/12.
Let G be an arbitrary finite dimensional subspace of 2, and {ξj }j=1,2,...,n be a CONS
of G. Then each ξj is of the form ξj =∑∞i=1 αji ei , where αji ∈ R for j = 1,2, . . . , n and
i = 1,2, . . . . Then we have the following matrix A:
A=

α
1
1 . . . α
1
n . . . α
1
n+m
...
. . .
...
. . .
...
αn1 . . . α
n
n . . . α
n
n+m

 ,
where m is chosen such that rankA= n. Suppose N > n+m. Then the next equation has
its solution in Rn+m:
A


x1
...
xn
...
xn+m

=


−α12N+1
...
−αn2N+1

 . (4)
By construction we know that αji → 0 as i →∞ for j = 1,2, . . . , n. Therefore, for
every δ > 0, we may choose a positive integer N (> n+m), N sufficiently large, such that
Eq. (4) has the solution x1 = η1, . . . , xn+m = ηn+m satisfying
max
1ln+m
|ηl|< δ. (5)
Now choose a number δ > 0 in (5) such that∣∣η1 + 2η2 + · · · + (n+m)ηn+m∣∣< 1
and
0 < η21 + · · · + η2n+m < 1.
Then we have
4N < 2
{
η1 + 2η2 + · · · + (n+m)ηn+m + (2N + 1)
}
< 4(N + 1),
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N <N
(
η21 + · · · + η2n+m + 1
)
< 2N.
Thus,
N
(
η21 + · · · + η2n+m + 1
)
< 2
{
η1 + 2η2 + · · · + (n+m)ηn+m + (2N + 1)
}
or, equivalently,
η1 + 2η2 + · · · + (n+m)ηn+m + (2N + 1)
η21 + · · · + η2n+m + 1
>
N
2
. (6)
Let τ = η1e1 + · · · + ηn+men+m + e2N+1 and F be the one-dimensional subspace of 2
generated by τ . Then
〈τ, ξj 〉 =
〈
η1e1 + · · · + ηn+men+m + e2N+1,
∞∑
i=1
α
j
i ei
〉
= αj1η1 + · · · + αjn+mηn+m + αj2N+1 = 0 for j = 1,2, . . . , n,
so that F⊥G.
Upon putting φ = τ/|τ |, where | · | is the Hilbert norm of 2, we obtain
(b, φ)= (b, τ )|τ | =
η1 + 2η2 + · · · + (n+m)ηn+m + (2N + 1)
(η21 + · · · + η2n+m + 1)1/2
.
To prove (3) we have to show that (b, φ)φ /∈ ε0U since φ(µb)= δ(b,φ). Suppose this is
not the case. Then (b, φ)φ ∈ ε0U implies that (b, φ)φ may be written (b, φ)φ = X + Y ,
where X ∈ ε0Γ and Y ∈ ε0B . Since X,Y ∈ 2, X and Y are of the form X =∑∞i=1 Xiei
and Y =∑∞i=1 Yiei , where Xi,Yi ∈ R for i = 1,2, . . . . Then (b, φ)φ =∑∞i=1(Xi + Yi)ei
and by (6) we have
X2N + Y2N = 0
and
X2N+1 + Y2N+1 = η1 + 2η2 + · · · + (n+m)ηn+m + (2N + 1)
η21 + · · · + η2n+m + 1
>
N
2
.
Moreover, the property of ε0Γ implies that X2N+1 :X2N = (2N+1) : (2N), which implies
that
X2N+1 = 2N + 12N X2N .
Similarly that of ε0B implies |Y2N |< ε0(2N) and |Y2N+1|< ε0(2N + 1). Therefore, we
have ∣∣∣∣η1 + 2η2 + · · · + (n+m)ηn+m + (2N + 1)η21 + · · · + η2n+m + 1 − Y2N+1
∣∣∣∣
= |X2N+1| = 2N + 1 |X2N | = 2N + 1 |Y2N |< 2N + 1ε0(2N) < 2N + 1 .2N 2N 2N 12
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∣∣∣∣
>
N
2
− ε0(2N + 1) > 4N − 112 ,
and since N is sufficiently large, we reach a contradiction. ✷
(v) ‖ · ‖b is γ -measurable.
Proof. Let A be the operator on 2 given by
A(x1, x2, . . . , xn, . . .)=
(
x1,
x2
2
, . . . ,
xn
n
, . . .
)
.
Then A is a Hilbert–Schmidt operator on 2 and the Hilbert–Schmidt norm of A is ‖A‖2 =√∑∞
n=1(1/n2). Define ‖x‖A = |Ax| =
√〈Ax,Ax〉 for all x ∈ 2, where | · | = √〈· , ·〉 is
the original Hilbert norm of 2. It is easy to see that ‖ · ‖A is a norm on 2. It is well known
that ‖ · ‖A is γ -measurable. The fact that the norm ‖ · ‖A is γ -measurable implies that
for every ε > 0, there exists G ∈ FD(2) such that γ (εB ∩ F + F⊥)  1 − ε whenever
F ∈ FD(2) and F⊥G. Thus, since B ⊂U = Γ + B we obtain that for every ε > 0, there
exists G ∈ FD(2) such that γ (εU ∩ F + F⊥)  γ (εB ∩ F + F⊥)  1 − ε whenever
F ∈ FD(2) and F⊥G. This implies that the norm ‖x‖b = inf{α > 0; x ∈ αU} for x ∈ 2,
whose unit ball is U , is γ -measurable. ✷
Therefore, we conclude that the norm ‖ · ‖b is γ -measurable, and µb-(D)measurable,
but is not µb-(G)measurable.
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